We calculate the radiative corrections to the decays ! M and ! l l , where the meson M is M = or K and the lepton l is l = e or . We perform a complete calculation, which includes internal bremsstrahlung and structure dependent radiation in the radiative decays and point meson, hadronic structure dependent and short distance contributions in the virtual corrections. 
Introduction
In the calculation of radiative corrections to semileptonic (semihadronic) decays such as ! and ! , one faces three di erent problems 1, 2]. As usual in radiative corrections, there are divergences, viz. rst the infra-red (IR) divergences and second the ultra-violet (UV) divergences. The third problem, however, which is the central issue of this paper, is the treatment of the strong interaction.
The IR divergences are removed as usual by considering either radiative decays with hard photons (eg. , ?( ! ) with E > E 0 ) or inclusive rates for decays into nal states with and without photon (eg. ?( ! ) + ?( ! )). The UV divergences are removed by renormalization. The decay rate of ! is proportional to the pion decay constant f . In principle f is determined by the parameters of the standard model, but since we are not able to solve the nonperturbative regime of QCD, f has to be considered as an additional free parameter which has to be extracted from experimental data and therefore has to be renormalized order by order in perturbation theory. On the other hand, ratios as R = := ?( ! ( )) ?( ! ( )) (1) and R e= := ?( ! e e ( )) ?( ! ( )) (2) are independent of f and therefore can be predicted by theory. Technically the UV divergences cancel in these ratios. For a systematic treatment of the issue of strong interaction, a separation into di erent energy regimes should be made. If all momenta are very small compared to a typical hadronic resonance scale such as m , the matrix elements are xed by low energy theorems of QCD. In this low energy regime the pion behaves like a pointlike particle, and its interactions with the photon are determined by scalar QED. The high energy regime, on the other hand, is dominated by the short distance corrections to the weak interaction, ie. by photonic corrections acting at the quark level. These two regimes are not adjacent to each other, but rather there is an intermediate region which is dominated by nonperturbative strong interaction, viz. by the physics of hadron resonances such as the and the a 1 particles.
In a previous 
(P. M. denotes point meson). We added to this result another +0:17% arising from hadronic structure dependent radiation. So what is missing in 3] are the hadronic structure dependent e ects in the virtual corrections and the short distance corrections. As for the short distance correction, it was shown in Ref 
and so only the di erence in the scales 2 and 1 is relevant for the correction to R = .
In still only the short distance corrections were included. Reexpressing his prediction in terms of R = , we obtain from 6, 7] R = = (0:55 1:)% (10) where the 1% is the author's estimate of the missing long distance corrections of O( ) to ! ( ). In a recent papper 8], the authors have further improved the calculation of the radiative pion decay by including the leading hadronic structure dependent e ects (both in the radiative decay and in the virtual corrections) and by including the leading two-loop e ects. Using the pion decay constant f extracted from this calculation to predict the tau decay, they obtain a new prediction for the rate, which can be rewritten in terms of R = as R = = (0:67 1:)% (11) where again the 1% estimates the long distance corrections to ! ( ), which are still missing.
Comparing the numbers in (5, 9, 10, 11) , it becomes clear that a complete and systematic calculation of the full O( ) corrections would be important in order to obtain a reliable prediction. This is what we will present in this paper.
We have performed a systematic calculation of the radiative corrections to R = which includes all relevant contributions. In the calculation of the loops, we separate the integration over the momentum of the virtual photon k into the long distance region with 0 jk 2 j < 2 cut and into the short distance region with Z . The matching scale cut , which separates long and short wavelengths, should be of the order cut O(1 GeV). The long distance part includes the e ective point meson and the hadronic structure dependent corrections. The latter is obtained by modifying the scalar QED coupling of the photon to the pion by vector meson dominance, and by adding loops which are proportional to the form factors F V and F A which determine the hadronic structure dependent radiation.
For the short distance corrections we rst consider the leading logarithm, and second we give a complete calculation based on the parton model. Our paper is organized as follows: In Sec. 2 we brie y review the amplitudes for the radiative decays and the parametrizations of the two form factors appearing in the hadronic structure dependent radiation. In Sec. 3 we make some general remarks on our treatment of the virtual corrections, concerning the W boson propagator and the separation into long and short distances. In Sec. 4 we calculate the point meson contribution. We have published the results for the radiative corrections in a model with a pointlike pion in 3]. Nevertheless we repeat them here for completeness and in order to give some more details and intermediate results, which are needed later in the calculation in order to combine the point meson correction with the other contributions. In Sec. 5 we consider the leading logarithm of the short distance contribution, and in Sec. 6 we calculate the non-leading corrections. In Sec. 7 we calculate the hadronic structure dependent loops . Then in Sec. 8 we explain how the di erent contributions combine to give the nal result, which we evaluate numerically in Sec. 9. A summary and concluding remarks are given in Sec. 10.
The Radiative Decays
We consider the decays ! M ( ) and M ! l l ( ), where the meson M is the pion M = or the kaon M = K, and the lepton l is the muon or the electron, l = or e. The Born amplitudes are given by
The matrix elements of the radiative decays ! M 9, 10] and M ! l l 11]
can be written as the sums of two contributions, the internal bremsstrahlung (IB) and the structure dependent radiation (SD)
The IB part is xed by the QCD low energy theorems. It is exactly identical to the one which would be obtained for an elementary pointlike pion eld, with electromagnetic interactions determined by scalar QED. The IB amplitude does not contain any unknown parameters beyond the meson decay constant f M . The SD contribution, on the other hand, involves the two form factors F A (t), which describe the e ects of non-perturbative strong interactions. Crossing symmetry implies that both the meson and the tau decays are described by the same analytical functions of the momentum transfer t, the di erence being that in the decay, t varies from m For the pionic case M = , we gave 
Note that here we use a relative sign s := sign(f F V (0)) which is positive in our conventions, s = +1. In fact in 10], we used s = ?1. However, as we have explained in 13], we now believe that s = +1 is the physical choice, which we will therefore use throughout this paper. (27) We also compared to a dipole parametrization ( = 0:0584, = 0) and to a monopole form ( = = 0). For the kaonic form factors (M = K), consider the parametrizations These are the values we will actually use. ). Thus we can as well use a local interaction with an UV cut-o equal to m W in the calculation of the virtual corrections. In fact, it has been shown by Sirlin 18] that the radiative corrections of the order G F calculated within the full standard model with a single Higgs doublet are equal to the photonic corrections calculated with the local V ?A interaction and a cut-o equal to m Z , except for very small contributions of the order s G F . While the photonic corrections are identical to those computed in the local V ? A theory with an e ective cut-o equal to m W , the non-photonic corrections lead to an additional contribution which depends on ln(m Z =m W ) and W . In the simplest electroweak model with a single Higgs doublet, where cos W = m W =m Z , the photonic and the non-photonic corrections combine to give a result which is identical to the photonic correction obtained in the local theory with the cut-o equal to m Z . As we will show, the actual value of the cut-o does not matter for our results on R = , because it cancels in this ratio. Obviously the rst part is important only for jk 2 j < 2 cut and the second part only for jk 2 j > 2 cut , so indeed they correspond to long and short distances, respectively. And so the photon propagator is divided into two parts, a regulated photon propagator with an e ective cut-o cut and a massive photon propagator with mass cut . The scale cut separates long and short wavelengths and should be of the order cut O(1 GeV).
A photon with short wavelength (jk 2 j > 2 cut ) resolves the quarks in the pion. It interacts with the quarks which come into being in the initial process ! ud, which subsesquently hadronize to form the pion (see Fig. 2 ). A photon with long wavelength (jk 2 j < 2 cut ), on the other hand, has a small resolution and interacts with the pion as a whole or perhaps with some hadronic resonances (see Fig. 3 ). So according to Eqn. (35) we have to calculate the short distance diagrams such as in Fig. 2 with a massive photon propagator and the long distance diagrams such as in Fig. 3 with a regulated photon propagator.
In the next section we will start with the calculation of the corrections in a point pion model. This will give a rst estimate, and it is part of the complete calculation. ( denotes a small IR regulator mass, which in the end of the calculation is put equal to zero, whereas m denotes any nite mass.) It will become clear below why the consideration of such a generalized photon propagator is useful, see Eqns. l denotes the bare lepton mass. We have performed the calculation both using Eqn. (37) and using Eqn. (38) and we have checked that they give identical results. Here we present the results using the V ? A form of Eqn. (37).
There are six Feynman diagrams for the virtual corrections to ! , see 
(\PML" denotes \point meson loops".) This is the form which will be used in the calculation of the complete radiative correction in Sec. 
We have written the corrections in such way that f(0) = g(0) = 0, so from Eqn. (53) we get the well-known lepton mass singularity of the total radiative correction to pion decay as 3 = ln(m l ), whereas in the radiative correction to the tau decay the meson mass singularities cancel according to Eqn. (54). Our results are a nice application of the Kinoshita-Lee-Naunenberg theorem, which states that mass singularities cancel in inclusive decay rates 2, 19] . In the case of the pion decay the Born amplitude is proportional to m l and therefore a logarithm ln m l is allowed in the radiative correction, while for the tau decay the Born amplitude is not proportional to m , and therefore a logarithm ln m is forbidden in the radiative correction.
The ultra-violet divergences of the corrections to the tau and the meson decays are equal and they cancel in the ratio R =M de ned by 
where is some unspeci ed characteristic mass scale which must be introduced by dimensional arguments. This is Sirlin's result. If we replace the photon propagator 1=k 
We will now apply this result to the radiative correction to R = . In addition to the short distance correction which contains the above logarithm, there are the long distance corrections associated with the integration over k 2 E = 0 : : : 2 cut , which have to be added. Of course these long distance corrections have to be computed using the e ective pointlike pion (and hadronic resonances) and give rise to other logarithms which in fact turn out to be more important in R = that the short distance ones.
So we will now combine the long and the short distance corrections. First we have to discuss which scale is a good choice for cut However, these estimates still cannot be considered as safe for the following reasons:
1. The value cut = m is too large for the point meson approximation in the long distance part and too small for the assumption of almost free quarks in the short distance part. Therefore the range of validity in the long distance part should be extended to 1 : : : 2 GeV by including vector meson resonances and then cut = 1 : : : 2 GeV will be a good value to use. Indeed we will show below that the vector meson e ects in the loops change the nal result considerably. So in the following sections we will improve the calculation of the long distance corrections by properly using the regulated photon propagator of Eqn. (35) and by including vector meson resonances, and that of of the short distance corrections by going beyond the leading logarithm.
Short Distance Beyond Leading Logarithm
In this section we will present a complete calculation of the short distance corrections beyond the logarithm which is leading in the limit m 
side is to be replaced by the short distance diagrams A 0 and A i , cf. Fig. 5 The situation, however, is more involved for the complete result for A. Firstly, in general it can not be written as a number times A 0 , but rather it involves other operators, and secondly A will depend on the relative momentum of the two quarks. The rst problem can be solved by projection on the J P = 0 ? state of the two quarks, and the second problem by use of the parton model.
Let the short distance amplitude for the decay
of the tau into neutrino and an quark-antiquark pair with relative momentum 2l be given by A(l) (and similarly for the decay into us, for the time being we consider the case of non-strange decay into the pion only). In a frame, where the pion is moving with in nite momentum, l is proportional to p, l = u 2 p
and A = A(u). Then the amplitude of the exclusive tau decay ! is (see Fig. 4 
Note that w a , w b and w e are identical for tau and pion decay, ie. they do not depend on the lepton mass. Using furthermore the symmetry of the distribution function M under u ! ?u, we can write Note that we can make these statements without any speci c assumptions on the form of the distribution functions and K .
In Fig. 9 we compare ( R = ) sd as a function of cut as given by Eqn. (94) 
Hadronic Structure Dependent Loops
For the real photon emission we have calculated the hadronic structure dependent effects in 10], cf. Sec. 2. In the long distance virtual corrections there are two di erent e ects associated with hadronic structure. On the one hand, the photon emitted in the radiative decay by hadronic structure dependent radiation (SD) as a real photon could be reabsorbed either by the lepton or by the pion (kaon), see Fig. 10 . If in the radiative decay (k 2 = 0) there is a SD amplitude proportional to F V and F A , the corresponding hadronic \structure dependent loops" (SDL) must also be there for su ciently small k 2 (long distance). Actually for the last two diagrams, where the photon couples to the meson, the respective corrections to tau and to meson decay will be identical and therefore they will cancel in R = . So for simplicity we will not consider them.
On the other hand, according to the notion of vector meson dominance, the photon does not couple directly to the pion (kaon) but rather through a intermediate state, see Fig. 12 . Similarly in the diagrams proportional to F V and F A the photon might couple through vector meson dominance as indicated in Fig. 14 . In the remaining of this article these modi cations of the photon couplings will only be called \vector meson dominance" of the respective diagrams, either of the point meson loops (PML) or of the hadronic structure dependent loops (SDL). The name \hadronic structure dependent" will be used only for amplitudes such as M 6 and M 7 which are proportional to the form factors F V and F A . This is of course just a naming convention; the vector meson A comment on the treatment of the meson propagators for the , 0 , a 1 , : : :particles is in order. In the calculation of the radiative tau decay we used sophisticated Breit-Wigner resonance factors with energy dependent widths. However, the di erence between xed and energy dependent widths is very small after integration over the spectrum. In the virtual corrections one has to integrate over all possible loop momenta anyway. For the virtual corrections, we will therefore only use Breit-Wigner resonance factors with xed widths BW V (k 
We will call this below the \seagull type VMD".
Next consider the corrections M 6 and M 7 . In these diagrams the coupling of the photon could be dominated by the ! and the mesons, respectively (see Fig. 14) . We do not have any experimental information on whether or not these couplings are actually dominated by vector mesons. (An experimental test could be made by measuring the e + e ? invariant mass spectra in the decays ! e + e ? and a 1 ! e + e ? , respectively.) By extrapolation from the experience with other hadronic couplings of the photon one could expect vector meson dominance here as well, but in order to be unprejudiced we will below consider both possibilities, complete VMD and no VMD. \VMD(PML)" = vector meson dominance of the point meson loops, ie. the correction of the CPM result due to the vector meson dominance of the meson electromagnetic form factor, \HSD" = hadronic structure dependent, ie. the correction due to the diagrams proportional to F V and F A , including real and virtual corrections, \VMD(SDL)" = vector meson dominance of the structure dependent loops, ie. the modi cation of the HSD result due to vector meson dominance coupling of the photon in these diagrams, and nally \sd", the short distance correction. For the integrated rates of the real photon emission we divide into pure internal bremsstrahlung (IB) and the rest (SD + INT), viz. the sum of pure structure dependent radiation and of the interference between the internal bremsstrahlung and the structure dependent radiation.
And so 
For the point meson loops the vector meson dominance is taken into account by #)
where f 2 and f 3 are ags which are either one or zero, determining whether or not the photon coupling to the vector resonance and the pion or to the axial resonance and the pion are dominated by ! and type resonances, respectively. The parameters 2 and 2 for the ! type ones and 3 and 3 for the type ones describe the relative contributions of higher radial excitations.
From our results we can also calculate the correction R e= to the ratio of the electronic and the muonic decay modes of the pion:
R e= = ( R e= ) CPM + ( R e= ) VMD(PML) + ( R e= ) HSD + ( R e= ) VMD(HSD) + ( R e= ) sd (121) where ( R e= ) CPM , : : :, ( R e= ) sd are de ned and calculated in a completely analogous way.
Numerical Results
We will now evaluate the formulae of the last section numerically and so get our nal results. For the calculation of the standard loop integrals we have used the numerical programs FF 24] and AA/ FF 25] .
Uncertainties of the nal result come from two di erent sources: on the one hand from uncertainties in the hadronics and on the other hand from uncertainties in the matching of long and short distances. We estimate their sizes by varying the various parameters involved, ie. F A (0), relative contributions of higher radial resonances and others for the hadronics and by varying cut for the matching. We obtain a central value with an error estimate in the following way. We discuss the various parameters and nd for each one of them a central value and some reasonable range over which we will vary them. Taking all parameters at their central values, we obtain the central value for the total radiative correction. We then vary the various parameters and determine which choices give the smallest and the largest radiative correction, respectively. Then by simultaneously taking those values which result in the largest (smallest) correction, we obtain an upper (lower) limit for the radiative correction.
For the parameters of the hadronics, we obtain in this way three parameter sets (I){ (III), we are given is the tables 1, 2 and 3, corresponding to the central values (I) and to the lower (II) and upper limits (III) on the total radiative correction. Because of all the ambiguities of the non-perturbative strong interactions in the O(1 GeV) regime, it is interesting to consider the result which is obtained if in the long distance part only the point meson is used, without vector meson dominance and without hadronic structure dependent loops. This point pion contribution is xed by the low energy theorems of QCD and therefore free from any ambiguities. However, in this case the result depends very strongly on the value of the scale cut . This is shown in Fig. 15 where we show the correction R = in variation with the scale cut both for our complete calculation, using standard parameters, and for the calculation where in the long distance part only the point meson is taken into account. In the last case the dependence on cut is very strong. As has been discussed before, the pure point meson is reliable only for 2 cut m 2 , but the short distance correction only for cut > (1 : : : 2) GeV. So here a very large range for cut has to be considered. For a small cut the correction R = could even become negative, and at cut = 2 GeV the correction is about R = = 0:7% and still rising strongly.
This large dependence on cut results from the incomplete treatment of the long distance part and hints to the necessicity of improving the model. The inclusion of VMD and of the structure dependent loops decreases the dependence on cut very much, as can be seen from the other curve in Fig. 15 . Above cut = 2 GeV the curve becomes almost completely at, and the variation in the (relevant) range cut = (1 : : : 2) GeV is smaller than 0:05%. In Tab. 4 we show the di erent contributions which add up to the total radiative correction, using cut = 1:5 GeV. The individual contributions involve moderately large logarithms such as ln(m =m ) or ln(m =m ). However they In Fig. 18 we show the long and short distance corrections in variation with cut . We display separately the correction due to the e ective point meson with vector meson dominance coupling in the photon coupling
the hadronic structure dependent correction with vector meson dominance
and the short distance correction ( R =M ) sd (125) It can be seen clearly that the long and the short distance corrections vary in the opposite way with cut , such that the dependence of the total radiative correction on cut is signi cantly smaller than that of the individual corrections separately. This is a sensible result. If our long and short distance corrections would exactly describe the real world within an overlapping region of cut , the sum of the two would be independent of cut within this overlap region. The small remaining dependence of our nal result on cut within the range cut = 1:0 : : : 2:0 GeV indicates that our model is not unreasonable.
In Fig. 16 we show R = in variation with cut for three di erent choices for the parameters of the resonance physics, viz. for the standard set (I) and for the set (II) which gives the smallest correction and for the set (III), which gives the largest correction (see Tab. 1). All the three curves have been obtained using real vector meson masses (narrow width approximation) in the virtual corrections, but we have compared with the results obtained with complex vector meson masses, and in all cases the di erence is extremely small and completely negligible. While the two curves for (I) and (II) are close together, the curve for (III) lies signi cantly higher. The large di erence is due to the question whether or not the photon in the hadronic structure dependent loops couples Thus if the standard model is correct, either the current experimental number for the branching ratio BR +K is slightly too large or the one for BR e slightly too small, or both. Some comments on the reliability of our matching procedure are in order. First it is important to note that indeed the dependence of the long and short distance corrections separately on cut is considerably larger than that of their sum, as has been discussed above in connection with Fig. 18 . Second we have performed the matching in a certain way be splitting the photon propagator into a long and a short distance part according to Eqn. (35) . This corresponds to a soft transition from long to short distances. Another way to perform the matching would be a sharp transition from long to short distances at cut , by integrating the long distances from k 2 E = 0 : : : which clearly displays the dominance of the hadronic uncertainties. Therefore we think that the precise procedure for performing the matching is not essential. Still it might be an interesting task to repeat the calculation with a matching based on a sharp transition at cut . Now we will use our results to predict for the pion decay the ratio R e= of the electronic and muonic modes. In Fig. 19 we show R e= in variation with cut for three parameter sets (I)|(III) de ned in Tab. 3. We nd for the total radiative correction R e= = (?3:79 0:01) %
But note that this error, which is due to the uncertainties in cut and in the hadronic resonance physics, is smaller than the one which is to be expected because of the neglect higher order corrections of O( 
which is equivalent to R e= = (?3:76 0:04)% (134) Their calculation is rather similar to ours but di ers in some details. In the short distance corrections they use the leading logarithms only, supplemented by leading QCD Figure 19 : The total radiative correction R e= for di erent choices for the parameters in the structure dependent correction: Standard choice (I) (solid), choice (II) (dashed) and choice (III) (dotted) corrections and furthermore by summing up the leading logarithms to all orders in via the renormalization group. But since the short distance corrections cancel almost completely in R e= , these di erences are not important. For the long distance corrections they also consider both the e ective point pion eld and hadronic structure dependent corrections. However, for the latter they do not use a speci c model but rather use a theorem given by Terent'ev 27] on the leading lepton mass dependent hadronic structure e ects of the order m 
Summary and Conclusions
We have calculated the radiative corrections to the decays ! M and to M ! l l (M = or K, l = e or ). The central issue of this paper was the treatment of the strong interaction. The amplitude of the radiative decays with the emission of a real photon can be divided into the amplitude for internal bremsstrahlung (IB) and the amplitude for structure dependent radiation (SD). In the virtual corrections one has to integrate over the momentum k of the virtual photon, and therefore all the three energy regimes of the strong interaction have to be taken into account. For small k 2 we have contributions from the long distance correction, which consists of the point meson contribution and of the hadronic structure dependent part. The short distance corrections, which we have calculated using the parton model, contribute in the large k 
